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CuRziENT DISTRIBUTION I N  AN ARRAY OF SUPERCONDUCTING T H I N  FILMS* 

by I. D. Skurnick, J. H. Simmons, and A. R. Sasst  

Lewis Research Center 

SUMMARY 

The conservation-of-fluxoid approach i s  used t o  derive the  i n t e g r a l  r e -  
l a t i o n s  describing t h e  current d i s t r i b u t i o n  i n  a general  a r r ay  of cy l ind r i ca l  
London superconductors. This approach h ighl ights  proper t ies  of t h e  kerne l  of 
t h e  i n t e g r a l  equation t h a t  permit t h e  development of ana ly t i c  solut ions f o r  a 
2 by 2 a r r ay  of c lose ly  spaced t h i n  f i lms  of rectangular cross sect ion.  It w a s  
found that the  current i s  d i s t r ibu ted  across  t h e  width of t he  f i lm  i n  a non- 
l i n e a r ,  and nonsymmetric fashion, peaking at  both edges. This peaking, i n  tu rn ,  
d i c t a t e s  t he  switching cha rac t e r i s t i c s  of t he  system. It i s  shown t h a t  t h e  de- 
pendence of  t h e  peaking on t h e  separat ion dis tance between coplanar f i lms can 
cause considerable var ia t ions  i n  t h e  c r i t i c a l  current  of t h e  system 
separat ion i s  var ied f r o m  1 t o  20 times the  f i l m  thickness. 

1, as t h i s  

INTRODUCTION 

A major problem i n  t h e  design of t h i n  f i l m  superconductive devices has been 
t h e  d i f f i c u l t y  i n  predict ing the  maximum current  that can be car r ied  by t h e  
system before it switches t o  t he  normal s t a t e .  Studies of the  c r i t i c a l  current 
i n  s ing le  superconducting t h i n  films revealed tha t  t h e  problem is complicated by 
a nonlinear peaking of t he  current densi ty  a t  the  f i lm  edges ( r e f s .  1, 2,  and 3) .  
Recently Sass and Skurnick, employing t h e  concept of f luxoid conservation, de- 
r ived  the  inhomogeneous Pcedholm i n t e g r a l  equation of t he  second kind, which 
describes t h e  current densi ty  i n  both s ingle  and double cy l ind r i ca l  supercon- 
ductors ( r e f .  4 ) .  The propert ies  of the  Pcedholm kernel ,  i n  t u rn ,  permitted 
them t o  obtain a closed-form so lu t ion  t o  the  double-film case, a superconducting 
th in- f i lm s t r i p  transmission l i n e .  I n  the  s t r i p  l i n e ,  as i n  the  s ing le  f i lm,  
t he  current  dens i ty  var ied i n  a d i s t i n c t l y  nonlinear fashion near t he  edges of 
t he  system. With respect  t o  i ts  widthwise var ia t ion ,  t h e  current d i s t r ibu t ion  
i n  both cases i s  symmetric with respect  t o  t h e  center  of  each f i lm.  I n  t h i s  
repor t  the  f luxoid conservation approach is  used t o  extend the  i n t e g r a l  r e l a t i o n s  
f o r  t he  current d i s t r i b u t i o n  t o  a general  a r r ay  of cy l ind r i ca l  superconductors. 

* A port ion of t h i s  repor t  w a s  presented a t  t h e  Third In te rna t iona l  Confer- 

R. C. A. Laboratories, Princeton, New Jersey. 

ence on Magnetics, Washington, D. C . ,  Apri l  21-23, 1965. 

I 



The behavior of t h e  Fredholm kernel. permits t he  der iva t ion  of closed-form solu- 
t i o n s  f o r  many cases of i n t e r e s t ,  i n  p a r t i c u l a r ,  t he  in s t ruc t ive  example of a 
2 by 2 matrix of t h i n  films. The so lu t ion  indicates ,  s ign i f i can t ly ,  t h a t  t h e  
current  d i s t r i b u t i o n  is  s t rongly  dependent on the  proximity of neighboring films 
provided t h a t  such separations axe on t h e  order of 20 f i l m  thicknesses or l e s s .  
This, i n  t u rn ,  suggests t h a t  t h e  results obtained can be applied with reasonable 
accuracy t o  t h e  more general  case of a 2 by n matrix of t h i n  f i lms .  

S m L S  

[The ra t iona l ized  meter-kilogram-second system of u n i t s  is  used herein.] 

A 
a u n i t  vector ( t r e a t e d  as dimensionless quant i ty)  

C constant determined by t o t a l  current  

d thickness of f i lm 

3 
E e l e c t r i c  f i e l d  in t ens i ty  

73 magnetic f i e l d  i n t e n s i t y  

I t o t a l  current  i n  individual  f i lm  

3 
J current  per u n i t  a rea  i n  x-y plane 

K(u ,u ' )  kernel  of one-dimensional Fredholm in t eg ra l  equation 

2 distance between centers  of two films i n  s t r i p - l i n e  p a i r  

m distance between centers  of coplanar f i lms 

P 

q - 1  

1n l (x  - x l ) z  + ( y  - y ' ) z /  

separat ion parameter, q = m/w 

f i e l d  point  i n  x-y plane 3 r 

2' 
U dimensionless f i e l d  point  i n  one-dimensional ana lys i s ,  (Z/w)y 

source point  i n  x-y plane 

U '  dimensionless source point  i n  one-dimensional ana lys i s ,  (Z/w)y' 

W width of f i l m  

-$ 

XYY Cartesian coordinates equivalent t o  r, when primed equivalent t o  F" 
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P - l  London penetration depth 

K(U) coupling factor, L1 K(u,u')du' 
A 

PO 

( Pd) (w/d 1 ( 1/8fl) 

permeability of free space, 4nx10-7 H/m 

Subscripts: 

a array a 

b array b 

Z z-component of vector 

.Consider the array of parallel cylindrical superconductors shown in fig- 
ure 1. In the following analysis the cross section of each superconductor is 

Figure 1. - General array of in f in i te ly  long cyl indrical superconductors. Direc- 
t ion of current  flow in cylinders i s  arbitrary. (One cylinder has been enlarged 
to show typical contour of integration. 1 
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assumed a rb i t r a ry .  
pumped through the  conductors, a quas i - s t a t i c  ana lys i s  i s  va l id .  
assumed t o  be i n  t h e  z-direction; thus 

If a d i r e c t  current  or low-frequency a l t e rna t ing  current  i s  
The current  is  

Since t h e  London equation 3 = v o p - 2 ( 6 / a t ) ,  which r e l a t e s  t h e  e l e c t r i c  
-1 f i e l d  z, t h e  current  dens i ty  5, and t h e  London penetrat ion depth p , is  

v a l i d  i n  each of t h e  superconducting cyl inders ,  appl ica t ion  of Faraday's induc- 
t i o n  l a w  t o  t h e  dot ted contour shown i n  f igu re  1 yie lds  

A where az i s  the  u n i t  vector i n  t h e  z-direct ion and d?' i s  a d i f f e r e n t i a l  
vector l i n e  element of in tegra t ion .  The quant i ty  contained within t h e  brackets 
i n  equation (1) is  the  London fluxoid; t he  vanishing of i t s  time der iva t ive  ex- 
presses t h e  pr inc ip le  of fluxoid conservation. S t a r t i ng  frm zero f i e l d  i n i t i a l  
conditions requi res  the  f luxoid associated with any contour contained within t h e  
superconductor t o  vanish. Thus, 

The magnetic f i e l d  a t  a point  2'' is  r ead i ly  determined by summing over t h e  
contr ibut ions made by t h e  current elements i n  a l l  t h e  cylinders.  Hence, 

+W 

Figure 2. - Four superconducting t h i n  f i lms with current  directions indicated for 
arrays a and b. In  array a the current  enters system through f i lms 1 and 2 and 
leaves through films 3 and 4; i n  array b the current  enters through films 1 and 4 
and leaves through f i lms 2 and 3. 
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Subs t i tu t ing  equation (3) i n t o  equation ( 2 )  leads t o  

( a l l  space) 

where C is  a constant determined by t h e  t o t a l  current.  

i n  the  cyl inders  is  due t o  the  ne t  magnetic f lux per u n i t  length through areas 
bounded by contours of the  type described i n  f igu re  1. It should be expected 
then t h a t  if t h i s  flux i s  s m a l l ,  t h e  current  dens i ty  would exhib i t  only mild 
var ia t ions  i n  the  cylinders.  

From equation ( 2 )  it i s  c l ea r  t h a t  t h e  nonuniformity of t h e  current  densi ty  

FOUR-FIIM ARRllY 

The pa r t i cu la r  a r r a y  shown i n  f igu re  2 depicts  a 2 by 2 matrix of super- 
conducting t h i n  f i lms  of rectangular  cross  section. The a r r a y  can a l s o  be 
regarded as e i t h e r  t w o  s t r i p  transmission l i n e s  i n  close proximity or two eo- 
planar t h i n  f i lms deposited above a superconducting ground plane. Each f i lm has 
a thickness  d and width w. The spacing between the  coplanar f i lms is  m - w, 
and t h e  dis tance between t h e  centers  of a f i lm  and i t s  image i n  a s t r i p - l i n e  
pa i r  is  2 .  The ana lys i s  i s  made f o r  film parameters i n  a range of p r a c t i c a l  
i n t e r e s t ;  t h a t  i s ,  d/w - < 0.01 

. 

and pd - < 1. 

Applying equation ( 4 )  t o  t h e  four f i lm  a r r ay  y ie lds  

5 

1 



where P = l n l ( x  - x ' ) ~  + ( y  - Y ' ) ~ I .  
b possess t h e  following symmetry propert ies :  

Figure 2 shows t h a t  t h e  a r rays  a and 

J(x,y) = -J(-x - 2,y) = J ( x , m  - y)  = -J(-x - 2,m - y )  . } ( 6 )  

Array a 

b J (x ,y )  = -J(-x - 2,y) = -J(x,m .- y) = J(-x - 2,m - y) 

Equation (5) can thus be g rea t ly  s implif ied by t h e  following changes of va r i -  
able  s : 

( 7 )  

both y '  --f m - y '  and x '  + - ( X I  + 2) 1 Film 2 y '  --f m - y '  

3 

4 

x '  += - ( X I  + 2) 

Incorporating expressions ( 6 )  and ( 7 )  i n t o  equation (5)  leads t o  a more compact 
descr ip t ion  of the  current dens i ty  i n  t h e  f i lms:  

(x - x ' ) 2  + ( y  - y ' ) 2  

x + x '  + 2 )  + ( y  - y ' )  
( 8 4  2 

where 

Since d < P-', it w i l l  be assumed for s impl ic i ty  t h a t  J does not vary 
s i g n i f i c a n t l y  with x. This assumption i s  not c ruc ia l  and w i l l  be discussed i n  
more d e t a i l  at  t h e  end of t h i s  section. There i s  thus no loss of genera l i ty  i n  
s e t t i n g  x = 0. In tegra t ing  with respect  t o  x',  l e t t i n g  A = (pd)2(w/d)(l /8n),  
k = 2/d, q = m/w, and changing var iab les  such t h a t  u = 2y/w y ie ld  

where 
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I 

d d 
+ tan-' (2k u - - u' 1); - t an -1  (2k u - u  + q}* f+r + (u + u' - 

+ (k - $),,[,Zk - l)2(:r+ (u + u' - '2q)j-i. + ,,,,[,2k + l-)2(:r 

where the  plus  s ign  corresponds t o  array a and t h e  minus s ign  t o  a r r a y  b. 

Clearly,  current  elements i n  a l l  f o u r  f i lms  contr ibute  t o  t h e  t o t a l m a g -  
n e t i c  f l u x  through any individual  f i lm. Figure 3 shows, however, t h a t  cont r i -  
butions f rom antisymmetric current  elements i n  t h i n  f i lms  tend t o  cancel them- 

tl _I I -  
I- 

t i p s  ,- t2 

Figure 3. - Contr ibut ions to magnetic field at P from distant antisymmetric source elements. (Film 
widths are not drawn to scale.) 
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selves  out, p a r t i c u l a r l y  if these 
elements are d i s t an t  from t h e  
f i e l d  point under consideration. 
Let t he  currents  a t  points  S and 
S '  be equal i n  magnitude but op- 
pos i t e  i n  d i rec t ion .  If aps i s  
t h e  magnetic f i e l d  5% P due t o  
t h e  current  at  S, HpS' t he  
f i e l d  a t  P due t o  t h e  current  a t  
S', and tl > 7 t 2 ,  it follows 
t h a t  

- 

!HpS!-!HpS'! < 0.010 - 
FPS I 

u - u' 

(a) Absolute value of kernel plotted for arrays a and b as function and 0.989 < cos 8 < 1.000. Thus 
t h e  great  bFlk of t he  flux through 
areas  bounded by contours of the  
type shown i n  f igu re  1 is  cont r i -  
buted by current  elements compara- 
t i v e l y  close t o  the  f i e l d  point.  
It should be expected then t h a t  
t h e  kerne l  would be sharply peaked 
about u = u '  and decrease with 

0 1 increasing ] u  - u '  I .  Figure 4(a) 
shows representat ive one- -1 0 

dimensional kernels  p lo t ted  as a 
funct ion of u - u' .  Although the  
kernels  a r e  not drawn t o  sca le ,  
t he  general  fea tures  a re  evident 
and a r e  supported by numerical 
analys i s  . 

of u - u' for dlw = 0.001, k = 2.00, and q = 1.001. (Peak 
value has been normalized to uni ty.)  

--(1 -loi) -(1- lo&, 4 

( K ( U ) (  2 r r j  
U 

(b) Absolute value of coupling factor plotted against u for arrays a 
and b. (Parameters of system are the same as those used in 
fig. 4(a).) 

Figure 4. - Kernel and coupling factor. (Abscissa not drawn to scale. 1 

Since 2 > d and m > w it can be shown t h a t  t he  one-dimensional kernels  
i n  equation (9b) are negative de f in i t e .  Thus, equation (sa) can be rewr i t ten  as 

6 
Equation (10) can be solved by t h e  method of successive approximations. 
with Jo(u)  = C it can e a s i l y  be shown t h a t  

S t a r t i ng  

The current densi ty  i s  given by 



J (u)  = lim J n ( u )  
w 

provided that  t h e  s e r i e s  i n  equation ( l l a )  converges as 
zeroth order i n  
The first order correct ion considers t he  in te rac t ions  of a l l  t h e  source poin ts  
i n  t h e  f i lms  with a pa r t i cu la r  f i e l d  point.  
s i d e r s  t he  e f f e c t  of a l l  the  source points  on an undisturbed source point ,  be- 
fo re  t h e  e f f e c t  on a f i e l d  point  i s  computed. 
are fu r the r  correct ions f o r  t he  in t e rac t ion  between current  elements. 

n .+ w. Thus, t o  the  
A t he  current  dens i ty  i s  assumed t o  be constant i n  the  fi lms. 

The second order cor rec t ion  con- 

A) The higher order terms ( i n  

It i s  he lp fu l  t o  evaluate the  coupling f ac to r  defined by 
? 

as 

Q=Zk+l 

F r o m  equations (9b) and (12a) the  coupling f ac to r  can be wr i t ten  

where 

9 
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and 

The plus  s ign  refers t o  K ~ ( u )  and the  minus s ign r e f e r s  t o  Kb(u). 

Because of the  behavior of t he  kernel ,  K ( u )  must a l s o  be negative de f in i t e .  
Since the  kerne l  has a r a the r  narrow e f fec t ive  width ( f i g .  4 ( a ) ) ,  K ( U )  should 
remain approximately constant over t he  cen t r a l  port ion of t he  films. On the  
other  hand, when the  distance t o  the  edge of the  f i l m  i s  on the  order of the  
width of the  kernel ,  K ( u )  is  a s t rong funct ion of u. This implies t h a t  f o r  a l l  
p r a c t i c a l  purposes f i e l d  points  i n  the  cen t r a l  region of the  f i l m  view the  f i lm 
as being i n f i n i t e l y  wide. Figure 4(b)  i s  a sketch of the  absolute value of t he  
coupling f ac to r  f o r  t y p i c a l  values of t he  parameters of the  system. Since 
K ( U )  N ~ ( 0 )  over most of the  width of t he  f i lm,  t he  following approximation sug- 
ges t s  i t se l f  

r l  

Thus i n  general 

Combining equations (15) and ( l l b )  y ie lds  

10 



If h l K ( 0 )  I< 1 the  i n f i n i t e  s e r i e s  i n  
equation (16) converges absolutely,  and 
t h e  current  densi ty  can be described i n  
closed form by 

When hl~(0) I > 1, t h e  s e r i e s  i n  equa- 
t i o n  (16) does-not converge, hence the  
method of successive approximations i s  not 
s a t i s f ac to ry .  Figure 5 i l l u s t r a t e s  t he  
range of  convergence f o r  equation (16) f o r  
d/w - < 0.001. 

A f ac to r  of pa r t i cu la r  i n t e r e s t  and 
importance i s  the  r e l a t i v e  peaking of t he  
current  densi ty  a t  the  edges of t he  f i l m ,  
t h a t  i s ,  J ( + l ) / J ( O ) .  
s ing le  f i lm and s t r i p  l i ne ,  it i s  c l ea r  
that  the  d i s t r i b u t i o n  i n  a r rays  a and b can- 
not be symmetric. Considering the  qual i -  

I n  contrast  t o  t he  

l l p d  

Figure 5. - Range of convergence for equation (16) for 
d lw C_O.Ool. In t h i s  l im i t  k, is independent of d/w. 
Permissible values of k are given by k <  kc = 

[2/(pd)2]+ 0. 25. 

t a t i v e  fea tures  of  t h e  current  d i s t r i b u t i o n  i n  the  s t r i p  superconductor ind ica tes  
t h a t  if  t h e  current  i n  f i lms  1 and 2 a r e  i n  t h e  same d i rec t ion  the  grea tes t  
peaking should be expected on the  outs ide edges of t h e  system. On the  other  
hand, if  t h e  current  i n  f i lms 1 and 2 run opposite t o  each other ,  t h e  grea tes t  
peaking should occur on the  inside edges. Figure 6 i s  a representat ive sketch 
of J (u)  aga ins t  u for both cases.  

F r o m  equation (17) t he  r e l a t i v e  peaking a t  the  edges i s  given by 

J ( + ~ ) / J ( o )  = 1 + A [ \ K ( o )  I - I K ( * ~ )  1 1  (18) 

I n  t h e  l i m i t  where it i s  possible  t o  express the  peaking i n  a form 
t h a t  e x p l i c i t l y  demonstrgtes i t s  dependence on various parameters of t he  system. 
From equations (12b),  (13), and (18) t he  peaking on the  outside edges can be 
shown t o  be 

d/w < 0.001 

? On t h e  inside edges of the  system equation (18) can be approximated by 

I 

where t h e  minus s ign  i s  f o r  a r r a y  a and the  plus  s ign  is  f o r  a r r a y  b. It i s  
apparent t h a t  t h e  dependence of t he  peaking on t h e  spacing between coplanar 
f i lms  is  o n l y  important when q - 1 is  on t h e  order of 20(d/w) o r  less. For 

11 



Figure 6. -Normalized cu r ren t  density plotted against u for dlw = 

0.001, p d  = 1, k = 2.00, and q = 1.005. (Edge regions of u-axis 
are not drawn to scale. 1 

- 

Array 1.50-- 

1.38-7 

--6 - 10 ;) .(i - 10 :) 
I I I 

0 
U 

a l l  p r a c t i c a l  purposes, t he  peak- 
ing at  the outside edges of t he  
system is  unaffected by the  separa- 
t i o n  between t h e  coplanar f i l m s .  
Equation (20) is an excel lent  ap- 
proximation t o  equation (18) ( i .e . ,  
it is  i n  e r r o r  by l e s s  than 1 per- 
cen t )  f o r  q - 1 > 5(d/w). For 
smaller separations higher order 
terms i n  d/w must be taken i n t o  
considerat  ion. 

Since a superconductor starts 
t o  switch t o  the  r "a l  s t a t e  when 
J exceeds a ce r t a in  c r i t i c a l  value, 
equations ( 1 9 )  and (20) and f i g -  
ure 6 ind ica te  t h a t  t h e  c r i t i c a l  
t o t a l  current  w i l l  show a stronger 
dependence on the  separat ion param- 

e t e r  I n  ca lcu la t ing  the  t o t a i  cur ren t - in  t h e  
system the  va r i a t ion  of J i n  the  d i r ec t ion  of t he  f i l m  thickness should be con- 
sidered. If I&:) is  t h e  c r i t i c a l  t o t a l  current  i n  a r r a y  b, calculated by assum- 
ing a uniform wldthwise current  dens i ty  d i s t r i b u t i o n  i n  t h e  fi lms (no peaking a t  
t h e  edges),  it i s  obvious t h a t  From equation (20) it follows t h a t  

q - 1 i n  a r r a y  b than i n  a r r a y  a. 

I(b) < Iiz). 
C 

Figure 7, p lo t ted  by combining equations (13) and (18), shows the  dependence of 
Jb(l)/Jb(0) on m - w f o r  a t y p i c a l  value of k. This f igure  is  of pa r t i cu la r  
importance because it a l s o  r e l a t e s  the  c r i t i c a l  current  of the system (through 
t h e  r e l a t i v e  peaking) t o  the  spacing between coplanar films. The general  fea-  
t u r e s  of t he  curve a r e  t r u e  f o r  a l l  values of d/w considered i n  t h i s  repor t .  
If m - w > ZOd, Jb ( l ) / Jb (0 )  and hence 1, remain approximately constant. 

ILb) can be g rea t ly  reduced, p a r t i c u l a r l y  if k N k 
convergence of equation (16 ) .  Calculations show t h a t  if pd = 1 and k = 2.00, 

I?) 
(b) decreases by 22 percent i n  t h i s  same in te rva l .  No pd = - and k = 8.00, I 

dependence of I(a) on q w a s  found, nor should it be expected, since t h e  maxi- 
mum peaking occurs on t h e  outside edges of t he  system and consequently is  in-  

sens i t ive  t o  q. 
ing a smaller k ( f o r  f ixed  pd) or a smaller pd (for f ixed  k ) .  

From equations (20) and (21) it is apparent t h a t  as m - w is  decreased 

the  c r i t i c a l  value for C' 

decreases by 15 percent as m - w i s  decreased from 20d t o  d. If I 

1 
2 C 

Y 

C 

The va r i a t ion  of I?) with m - w can be reduced by se l ec t -  
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Figure 7. - Relative peaking of cu r ren t  density at inside edges of films 
in array b plotted against separation distance between adjacent 
f i lms in un i t s  of f i lm thickness for p d  = 1, k = 1.5, and dlw <_ 0.001. 

Two approximations were made i n  the  development of the so lu t ion  and require  
b r i e f  explanations. The first assumption w a s  tha t  J does not vary s i g n i f i -  
can t ly  with x. It is e a s i l y  proven t h a t  i n  the  cen t r a l  port ion of the  f i lms  
J - cosh p(x - d / Z ) ,  thus  the  assumption is  not s t r i c t l y  correct .  
i s  shown i n  reference 4 t h a t  if t h i s  va r i a t ion  i s  subs t i tu ted  i n t o  the o r ig ina l  
two-dimensional i n t eg ra l  equation, the subsequent one-dimensional i n t e g r a l  equa- 
t i o n  i s  of t he  same form as equation (sa),  w i t h  A replaced by CLA. The param- 
e t e r  a i s  bounded, and depends on t h e  thickness of t he  film i n  t h e  following 
manner : 

However, it 

Pd sinh - 2 
Pd 
2 

(22) 1 < a <  
- 

Since pd < 1, it follows that  1 < CL < 1.04. T h i s  would r e s u l t ,  a t  most then, 
i n  a 2 percent decrease f o r  
error i s  less near t he  edges of the films since i n  these regions 
near ly  approaches t h e  constant value impl ic i t  i n  t h e  o r ig ina l  assumption. 

J ( u )  i n  the  c e n t r a l  region of the  films. This 
J ( x )  more 

The second assumption w a s  t h a t  equation (14) i s  va l id  i n  the  edge regions 
of t h e  f i lms.  
accurate here,  a t  t h e  very l e a s t  equation ( 1 7 )  would provide a reasonable t r i a l  
value f o r  any numerical so lu t ion  of t h e  in t eg ra l  equation. S t a r t i ng  from equa- 
t i o n  (17), numerical solut ions obtained with the  a i d  of  an  IEM 709411 computer 
revealed t h a t  t he  greatest e r ro r  i n  the  closed-form solut ion occurs when k = k,. 
I n  t h i s  region it was found t h a t  t h e  use of equation ( 1 7 )  can r e s u l t  i n  an under- 

I estimate of I, of as much as 10 percent. For k < 0.65 k, t h i s  e r ro r  i s  l e s s  
than 5 percent. 
dieted by the  closed-form solut ion,  as m - w i s  var ied from 20d t o  d, agrees 
with t h a t  found by numerical ana lys i s  t o  b e t t e r  than 5 percent. 

Although figure 4(b)  suggests t h a t  t he  approximation would not be 

It should be noted t h a t  t h e  percen7age decrease i n  I ( b ) ,  pre- 
C 

t 

CONCLUDING REMARKS 

It can be seen from equation ( 2 0 )  and f igure  6 tha t  the  presence of a 
second s t r i p  l i n e  alters the current  d i s t r i b u t i o n  i n  t h e  o r ig ina l  system only 
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i n  what would be t h e  ins ide  edges of t h e  new system. Consider now t h e  more 
general  case of a 2 by n matrix ( i . e . ,  n 
conducting ground plane, o r  n c lose ly  spaced s t r i p  l i n e s ) .  If t h e  d i r ec t ion  
of t h e  current alternates from f i lm  t o  f i l m  i n  a given row, t h e  c r i t i c a l  current  
of any 2 by 2 submatrix should be the  same as t h a t  found f o r  an  i so l a t ed  2 by 2 
matrix.  
current peaking on the  outside edges of t h e  submatrix up t o  t h e  same value as 
appears on t h e  inside edges. Since t h e  maximum peaking occurred previously on 
t h e  inside edge, t h e  c r i t i c a l  current  of t h e  submatrix would be unaltered. On 
the  other hand, if t h e  current  i s  i n  t h e  same d i r ec t ion  i n  each of the  coplanar 
f i lms,  t h e  peaking on t h e  outside edges would be decreased t o  the  l e v e l  found 
previously on the  inside edges, thus increasing t h e  c r i t i c a l  current  of t he  sub- 
matrix.  With arguments such as these ,  equations ( 2 0 )  and ( 2 1 )  can be used t o  
determine the  c r i t i c a l  current  for t he  more general  2 by n array.  

equal ly  spaced films over a super- 

I n  t h i s  case the  add i t iona l  superconductors only serve t o  br ing t h e  

Lewis Research Center, 
National Aeronautics and Space Administration, 

Cleveland, Ohio, December 6, 1965. 
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